For optical and near-optical applications in electromagnetics, the directed propagation of waves in free space and in lenslike media is often in the Cartesian form of Gaussian or more general Hermitesinusoidal-Gaussian beams. It has been shown that recurring ͑rather than continuing͒ forms of such beams are possible in the paraxial approximation for certain hollow metal waveguides, in which multiple reflections from the waveguide walls may occur. Limitations on this recurrence behavior implicit in use of the paraxial approximation are considered here, and estimates are obtained for the maximum propagation distance before the onset of significant distortion of the recurring beams.
Introduction
Gaussian beams and related higher-order Hermitesinusoidal-Gaussian beams are widely employed for the unguided propagation of electromagnetic waves. The shape-invariance and the optimum collimation and focusing properties of such beams give them important advantages for practical applications. Also, these beams are naturally generated in many laser systems. However, for some environments and wavelengths unguided propagation is not practical, and one may be led to seek transparent waveguiding media. Such media have been developed, including lenslike materials that are capable of transmitting Gaussian beams. Nevertheless, there remain important spectral regions where satisfactory and economical dielectric waveguiding materials are not available. In such circumstances one may employ narrower versions of the microwave-waveguiding standby, consisting of hollow metal tubes. Such waveguides have already been widely used at infrared and optical frequencies, for example, for propagation of the important 10.6-m radiation fields from CO 2 lasers. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] A disadvantage of metal waveguides for the propagation of electromagnetic fields is that they do not support the propagation of shape-invariant or continuing Gaussian beams. As a result, the coupling of Gaussian beams into or out of such waveguides can be relatively inefficient. However, it has been shown that recurring Gaussian beams may be possible in hollow metal waveguides, even though continuing Gaussian beams are not. 21, 22 That is, Gaussian field distributions are not possible at all planes along a metal waveguide, but they may recur periodically at certain well-defined and easily calculable distances. With appropriate design, two of these planes of Gaussian-beam recurrence can correspond to the entrance and the exit of the waveguide. Then the waveguide fields will have coupled efficiently to free-space Gaussian input and output beams, and this possibility was demonstrated in a recent experiment. 23 The recurring beam fields that have just been described were obtained in Ref. 22 as solutions of the paraxial wave equation. In fact, the standard freely propagating Gaussian beams are obtained only as solutions of the paraxial wave equation, and without that approximation the beam fields do not possess their simple and familiar shape invariance. The wide acceptance of Gaussian beams for the propagation of electromagnetic beam fields would seem to suggest that the paraxial approximation usually must be valid. More specifically, the analysis that yields recurring Gaussian beams in hollow metal waveguides is based on solutions of the paraxial equation, and it might be imagined that these solu-tions would be valid for many waveguide configurations.
The most straightforward way to explore the limitations of the paraxial approximation is to recognize that the recurring beams must be representable as a superposition of the basic waveguide modes. 24, 25 The advantage of this approach is that the waveguide modes can be obtained analytically either with or without the paraxial approximation. A brief paraxial treatment was given in Ref. 22 , and the corresponding exact nonparaxial procedures are developed here. A comparison of the solutions obtained in these two ways reveals the consequences of the paraxial approximation for beam recurrence. It is possible to obtain an analytical estimate of the distance after which the recurrences cease to be useful reproductions of the initial input-field distribution.
A brief review of the metal waveguide modes based on the paraxial approximation is included in Section 2, and the corresponding derivation without the paraxial approximation is discussed in Section 3. The results are applied to find estimates of the distance over which the paraxial approximation and its implications for beam recurrence are reliable. In general, this distance decreases as the transverse dimensions of the waveguide decrease and as the complexity of the waveguide field increases. An example is given to indicate the distortions that occur when the paraxial approximation ceases to be valid.
Paraxial Waveguide Modes
One of the basic geometries to be considered here consists of a diffracting beam injected between two parallel reflecting metal surfaces. This beam is not necessarily introduced at the center of the waveguide input plane, and it might also be propagating in part toward or away from one of the waveguide sides. This arrangement is shown in Fig. 1 , and the coordinate system to be employed is also shown in the figure. Owing to diffraction and misalignment, the beam interacts with the waveguide surfaces over extended distances, and these surfaces are assumed to be highly reflecting and flat.
For the case of nearly plane waves in a medium in which the changes in permittivity and permeability are small, the dominant transverse Cartesian field components are governed by the wave equation
where EЈ is the complex amplitude of the electric field and k is the potentially complex spatially dependent wave number. While Eq. ͑1͒ governs the dominant transverse components, the weak z components of the fields may be found at any location from the transverse components by means of the MaxwellHeaviside equations. 26 For applications of interest here it is assumed that the propagation medium within the waveguide is essentially a uniform dielectric, and thus k in Eq. ͑1͒ is considered to be a real constant. For consistency with Ref. 22 , this constant will be represented as ␤ 0 . Furthermore, because of the separability of the wave equation for a uniform medium, no particular insight is gained by retaining the propagation effects in both of the transverse directions. Thus we assume at the outset that there are no field variations in the y direction. Also, for the dominant and most-used mode in a practical rectangular waveguide, the fields do not vary in one of the transverse directions. Thus the following analysis sometimes may be applicable without change for a rectangular waveguide when the tangentially polarized fields are treated.
As indicated above, we will be comparing the implications of certain waveguide solutions that are obtained with and without the paraxial approximation. To begin with, the paraxial approximation will be employed. Thus for a linearly polarized wave that propagates primarily in the z direction, a useful substitution is
where A is a complex amplitude function. With this substitution Eq. ͑1͒ reduces to the paraxial wave equation
where A is assumed to vary so slowly with z that its second derivative can be neglected. In Ref. 22 the propagation of electromagnetic fields in waveguides was interpreted in terms of a superposition of fundamental Gaussian beam solutions of Eq. ͑3͒. As an illustration, Fig. 2 shows a series of transverse intensity profiles for a normalized Gaussian beam that is undergoing diffraction and reflection from the flat waveguide surfaces located at the positions x ϭ 0, d. The beam in this case is polarized parallel to the surfaces and enters along the center axis of the waveguide with its waist at the input plane. The waist spot size is w 0 ͞d ϭ 0.2, and the propagation distance between successive profiles is z͞z 0 ϭ 0.1 ͑ten plots per Rayleigh length͒. The intensity spreads into two symmetrical peaks and then 
͒͞.
To make this illustration more quantitative, we may imagine that the waveguide width is 5 mm, and the input beam is from a CO 2 laser with a wavelength ϭ 10.6 m and a spot size w 0 ϭ 1 mm. Thus the Rayleigh length would be z 0 ϭ ͑10 Ϫ3 ͒ 2 ͞10.6 ϫ 10 Ϫ6 ϭ 0.3 m. As required by the boundary conditions for parallel polarization, the intensity in this example always remains zero at the reflecting surfaces.
Although the Gaussian beam-summation method can be quite efficient, an alternative analysis based on an expansion of the input beam in a set of waveguide eigenmodes can provide a more direct perspective on the recurring nature of the fields. The waveguide mode approach was discussed briefly in Ref. 22 , and some of those results are reproduced here as a basis for the nonparaxial generalizations in the following section. It is assumed that the field amplitude A͑x, z͒ in Eq. ͑3͒ can be written in the form
where, for the propagating modes, ␥ par is a real quantity representing the modal correction to the planewave phase in the paraxial approximation. With this substitution, the transverse part of the paraxial wave equation is
If the x coordinate has its origin at one of the waveguide surfaces as in Fig. 1 , it is natural to express the solutions of Eq. ͑5͒ in the form
When Eq. ͑6͒ is substituted into Eq. ͑5͒, one obtains the characteristic equation
If the electric field is polarized parallel to the waveguide surfaces, the amplitude must go approximately to zero at those surfaces. For a waveguide spacing of d, the field solution from Eq. ͑6͒ is therefore of the form
where the transverse propagation constant k x must satisfy the condition
with the mode index given by m ϭ 1, 2, 3, . . . . Equations ͑7͒ and ͑9͒ may be combined to obtain the modal phase correction
An arbitrary input field distribution can be expanded in terms of the waveguide modes. In the more general cases one may expect a nonzero amplitude for many of the lower-order waveguide modes in such an expansion. As discussed in Ref. 22 , the phase differences between these mode components will first recur at the distance
and this recurrence of the phase differences would also correspond to a recurrence of the overall field distribution. For completeness we mention that for this parallel polarization a symmetric input field would include only modal components for which the mode index m in Eq. ͑9͒ is an odd integer, and one finds that consequently a symmetric field would recur at the shorter distance
Similar results are obtained for the case that the field is polarized perpendicular to the waveguide surfaces.
Nonparaxial Corrections
The preceding discussion has concerned recurring beam solutions with a paraxial model for hollow metal waveguides. However, the modes of such a waveguide can also be obtained analytically without use of the paraxial approximation. For obtaining these exact results, we begin again with Eq. ͑1͒ with the propagation constant k of the medium replaced by ␤ 0 for a real dielectric. For a linearly polarized wave that propagates primarily in the z direction a useful substitution is EЈ͑ x, y, z͒ ϭ B͑ x͒exp͑Ϫi␤ z z͒, where B is a new complex amplitude function and ␤ z is the actual propagation constant for the field in the waveguide. With this substitution Eq. ͑1͒ reduces to the ordinary differential equation
As in the paraxial case, it will be assumed that the solutions of Eq. ͑14͒ are in the form of Eq. ͑6͒, and thus the characteristic equation is now
If the electric field is polarized parallel to the waveguide surfaces, the amplitude must go approximately to zero at those surfaces. For a waveguide spacing of d, the transverse propagation constant k x must again satisfy Eq. ͑9͒. Combining Eqs. ͑9͒ and ͑15͒, one finds that the total phase shift for propagation a distance z can be written
In the paraxial treatment of the previous section, the product ␥ par z represented the modal correction to the plane-wave phase. In a similar way we now use Eq. ͑16͒ to introduce the exact nonparaxial modal phase correction:
For short wavelengths and wide waveguides it might be anticipated that the exact expression in Eq. ͑17͒ could be simplified without substantial errors. If the term ͑m͞␤ 0 d͒ 2 is assumed to be small compared with unity, Eq. ͑17͒ can be written to the second order in this quantity as
where the distance z has been replaced by z s , which represents s times the paraxial recurrence distance for a symmetric parallel-polarized mode, as given in Eq. ͑12͒. The propagation constant ␤ 0 is related to the wavelength and the index of refraction n of the dielectric in the waveguide by ␤ 0 ϭ 2n͞. With this substitution in Eq. ͑18͒, the phase delay to paraxial recurrence number s can be written as
where Eqs. ͑10͒ and ͑12͒ have been used to reintroduce the paraxial phase delay. Equation ͑19͒ provides an indication of the leading phase errors resulting from the use of the paraxial approximation at the recurrences of a symmetric parallel-polarized beam in a metal waveguide of width d. Because the beam was assumed to be symmetric, only odd values of the index m are to be considered. The beam at the paraxial recurrence position will resemble the initial beam only if the correction term in Eq. ͑19͒ is sufficiently small. As an approximate smallness criterion, one might write
If the medium in the waveguide is free space ͑n ϭ 1͒, Eq. ͑20͒ can be written as
An example in Ref. 22 involved a CO 2 laser beam at 10.6-m wavelength propagating through a waveguide of width 0.5 mm. With these values in Eq. ͑21͒, the beam at the first recurrence ͑s ϭ 1͒ would be a good representation of the input beam even if m values up to approximately 13 were used in the input-beam representation, and from Eq. ͑12͒ this recurrence distance is 23.6 mm.
The maximum usable distance is evidently a sensitive function of the spacing d between the waveguide surfaces. It follows from Eq. ͑20͒ that for a given mode index m and wavelength the maximum recurrence order s is proportional to the square of the spacing d. At the same time, from Eq. ͑12͒ the propagation distance for each recurrence also increases quadratically with d, so the overall usable length increases rapidly with the waveguide spacing.
An m value of 13, as mentioned in the example above, might be far more than is needed to obtain an adequate beam description. It is clear from Eq. ͑21͒ that if sixteen recurrences were desirable ͑s ϭ 16͒, the maximum m value for describing the beam would be reduced by a factor of two ͑16 1͞4 ϭ 2͒ to about seven. For the CO 2 laser just discussed, the sixteenth recurrence would occur in a distance of approximately z ϭ 23.6 mm ϫ 16 Х 380 mm. Evidently, the distance over which high-fidelity beam recurrences are possible is also a sensitive function of the maximum mode index m needed to represent the beam.
It is possible to estimate the highest mode index m needed in the beam expansion and also to calculate the profile of the recurring beam as it degrades owing to a failure of the paraxial approximation. Equation ͑8͒ represents the transverse field variation of a single waveguide mode when the field is polarized parallel to the waveguide surfaces. It follows that an arbitrary input beam should be expandable in such waveguide modes in the form
This expression can be inverted to obtain the expansion coefficients in terms of the input-field distribution
For some input fields the expansion coefficients can be approximated analytically. For the simplest and perhaps most important case of a centered Gaussian beam waist at the input, the normalized field distribution can be written as 22
For this input Eq. ͑23͒ is
In order for this waveguide to support a recurring Gaussian field, it is necessary that the input spot size w 0 be substantially smaller than the waveguide width d. In this case the integration interval can be extended to infinity with negligible error, and Eq. ͑25͒ is replaced by
But this integral can be performed analytically, and the result is 27
provided that m is odd, while a m ϭ 0 for m even. This result shows that the expansion coefficients become very small for m Ͼ Ͼ d͞w 0 . For the illustrations in Ref. 22 , for example, d͞w 0 was equal to 5, so expansion terms with m values much greater than 5 would contribute little to the field at any reference plane. Accordingly, from Eq. ͑21͒ dozens of recurrences should be possible before significant deterioration of the beam would occur. Once the expansion coefficients are known, the actual field distribution at the recurrence planes can be calculated. The phase discrepancy at any plane z for mode number m can be found by subtracting ␥ par z of Eq. ͑10͒ from ␥ ex z of Eq. ͑17͒:
With Eq. ͑12͒ for the parallel-polarization paraxial recurrence distance, the phase error at recurrence s can be written
With Eqs. ͑22͒, ͑27͒, and ͑29͒ the instantaneous field distribution at paraxial recurrence plane s can be written
As an illustration, the field distribution is plotted in Fig. 3 for the dimensions and wavelength of a CO 2 laser waveguide, as mentioned above. Specifically, the field is calculated at the plane s ϭ 0 ͑input͒ and at the plane s ϭ 100. The s ϭ 0 field is equivalent to the original input Gaussian, which is a verification of the expansion process, whereas the field at a sufficiently large distance is significantly distorted. In general, high-fidelity recurrences of Gaussian beams in suitably designed metal waveguides are possible, at least in principle, over kilometer distances. It should be mentioned that the above calculations have been carried out for the case that the field is symmetric and polarized parallel to the waveguide surfaces. Similar results can be obtained for the case that the field is asymmetric or is polarized perpendicular to these surfaces, and related calculations should be possible for other types of waveguide. A related question for the practical use of beam recurrence is the length tolerance required for this effect. Specifically, one might like to know by how much the waveguide length can differ from the exact length to a recurrence plane. This question can be considered in the paraxial approximation; when this approximation has failed, no high quality recurrences can be expected. For a Gaussian input beam in the paraxial approximation, the answer is straightforward. Since the recurrences will also be Gaussians, a reasonable estimate of the length tolerance is the Rayleigh length z 0 .
Conclusion
It has been shown that recurring Gaussian beams are solutions of the paraxial wave equation for propagation in certain types of hollow metal waveguide. Similar recurrences also occur for more-complicated field distributions. The purpose of this study has been to see under what conditions these recurrences would be modified if the paraxial approximation were not employed. It has been found that without the paraxial approximation there must be a gradual degrading of the mode profile at the successive recurrences. However, for typical profiles that include mainly low-order waveguide mode components in not-too-narrow waveguides, the paraxial approximation introduces only small errors, and many clear recurrences should be possible. Thus these recurring field solutions may find practical applications for the guided transmission of desired beam profiles over long distances.
